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Abstract. This is the part 11 of our series of two papers, "Clemens conjecture: part 
I" , "Clemens conjecture: part 11" . Continuing from part I, in this paper we turn our 
attention to general quintic threefolds. In some universal quintic threefold AT, we 
construct a family of quasi-regular deformations Bf, such that the generic member in 
this family is non-deviated, but some special member is deviated. By the result from 
part I, this is impossible unless there is no one parameter family of smooth rational 
curves in a generic quintic threefold. 



1. Main result and review of part I 

In this paper which is the continuation of [Wa], we study the deformations of 
rational curves in quintic threefolds. The main goal is to introduce new geometric 
objects associated to the family of rational curves in quintic threefolds: degener- 
ated locus Ir (definition (2.2)), spaces of morphisms with marked points 
'^m(t) (after definition (2.1)). Using those basic objects, we construct the family of 
surfaces Bf, and finally prove Clemens's conjecture: 

Theorem 1.1. For each d > 0, there is no one parameter family c^^( for a small 
complex number s) of smooth rational curves of degree d in a generic quintic three- 
foldf. 

The proof is based on a construction of a family of quasi-deformations B^, of the 
rational curve c*^ in / that has both deviated and non-deviated members. Because 
in [Wa], we have proved such a family is an obstruction to the existence of 

a deformation of c"^ in /. So the only goal in this paper is to construct such a 
family {B^} that satisfies all requirements in part I, definitions (1.2) and (1.5). 
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For reader's convenience, in the following we briefly review those definitions and a 
theorem about them. 

The following is the set-up. Let X be a smooth variety. Let A be an open set 
of C that contains 0. Let tt be a smooth morphism 

X A 



such that for each e G A, tt -^(e), denoted by /e, is a smooth Calabi-Yau threefold, 
i.e. ci(T(/g)) = 0. Assume there is a surface C <Z X such that the restriction map 

C A 

is also smooth and for each e, (7rc)~"^(e), denoted by is a smooth rational curve. 
Furthermore we assume the normal bundle of q in has the following splitting 

A^c.(/e) = C»c.(A:)©Oc.(-2-A:), 

where A; > 0. Hence A^c(X)|c^ is also equal to 

(1.2) C»e,(A;)©Oc,(-2-A;). 

Assume that there exists a deformation c\ of in each with = Cg. Recall that 
R C A^ X X is the universal curves of the c\. So we have correspondence 

R X 



Clemens's conjecture is equivalent to the non-existence of such a correspondence R 
in case where each is a generic quintic threefold. 

Let 5" = Ue^sC| be the total set of the two parameter family of rational curves, 
restricted to a tubular neighborhood of cq. Let be a generic divisor of X such 
that in a tubular neighborhood of cq, PIS' is the surface C at generic points of cq. 
Let Q'l, • • • , Q'A; be the points on cq such that 7r2*((^, 0)) (which is a section of the 
sub- bundle of T^^X that corresponds to Cco(^) portion in (1.2)) at these points, 
lies in TC . 

In the following we give a definition of a family {-Bfc} of quasi-regular deforma- 
tions of Cq. 
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Definition 1.3. 

Let B be a quasi-projective variety. Let 

B ^ ) XxB 



B 

he a family of surfaces restricted to a tubular neighborhood of cq in X . Each fibre in 
X over b E B will be denote by Bh. A fibre Bh is called a quasi-regular deformation 
of Co with order (2, 3) if the restriction of Bi, to a tubular neighborhood of cq in X 
contains cq and satisfies the following conditions: 

(l)Let {Bif)s he the smooth locus of B^,. We require scheme-theoretically, 

{Bb)snfo = (Sb),nco, 

i.e., the intersection {B},)g fl /o in a neighborhood of a smooth point of Bi, is just 
Cq. Also we let t^.h = 1, ■ ■ ■ , ji + j2 be all the fixed points on cq such that the 
intersection scheme (S{,)s H H is equal to 

{Bt)s nH^VoU{ViU---Vj^}U {Vj^+i U ■ ■ • Vj^+jJ u • • • 

where Vq is the component cq with geometric multiplicity 2; the other components, 
Vh,h = I,-- - ,ji + j2, are smooth curves in a tubular neighborhood of cq and 
transversal to cq at the points t^ in the surface Bi, where H H S — C. All the 
components expressed as the dots in (1-3) meet cq at the points that varies with H. 
Similarly, the intersection scheme {Bi,)g n S is equal to 

{Bb)s nS = UoU{UiU---Ui,}U {Ui,+i U • • • Ui,+i^} U {Ui,+i,+-, U • • • Ui,+i,+k} 

where Uq is the component cq with geometric multiplicity 3; all the other compo- 
nents Uh,h = 1, • • • , *i + ore smooth curves in a tubular neighborhood of cq and 
transversal to cq in the surface Bh and Uh,h > ii + i2 is singular and meets cq 
o-t (lh-{ii+i2)- Assume ii = ji and Vh = Uh,0 < h ^ ii. For the simplicity also 
assume Vh, Vh' for < h h' ^ ii meets cq at distinct points. Since H is generic 
this just says all curves from the set 

{Vu---,Vj,} = {U^,---,Ui,} 

lie in C. We require all the numbers ii, ^2, Ji, J2 to be independent of the parameter 
b. 
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(2) (Singularity Control) Let t = on cq be any singular point of Bi,. Assume it 
is a smooth point of S. There are local coordinates of X, {t, do, ^i, ^2) at this point, 
such that Co = (t, 0,0,0), t G CP^, 6*2 = 0, defines the divisor S; and 6*1 = 6*2 = 
define the surface C = Uses. Then Bb locally is the proper projection of Bb C C x X 
to X in a neighborhood of (0, 0) E B^. Ify is the variable for C, then a neighborhood 
of Bfj at the point (0, 0) can be defined by equations 

9q + y{ait + 026*0 + asy) = 0, 
(1.4) ei=y{a^t'^ + a5do + aey), 

02 = yiardot"^ + asf^y + agyOo + awy^). 

where are non vanishing polynomials at the origin, and m — 0,or 1. Let's 
call the number m, the m-index associated to this singularity. Let uq be the number 
of the singularities with m = and rii the number of singular point of Bf, ofm= 1. 

We require ui = 1 and no is independent of b. 

(3) At the point qi, i = 1, ■ ■ ■ , k, we set up a similar coordinate system (t, 6*0, 6*1, 6*2) 
such that qi is the origin, the equations 9i — 0,i — 0,1,2 define cq, the equation 
Oi = 02 = define C , and ^ span the subbundle E along cq. 

The defining equations of B^ are 

elbi = 01 

^0^2 = 02, 

where all bi are non-vanishing polynomials at the origin. Note that the change of 
coordinates 9i only changes the the higher orders ofbi. 

Remark. In part (1), the intersection {Bij)s H H could have more components 
expressed in the dots, because in general, C may not be a hyperplane section of B},. 
So these components come from the points on co where Sf, fl ^ C for a specific 
H. From another point of view, these crossing points t/^, 1 ^ h ^ ji + J2, in the 
intersection B^H H from part (1), are all imbedded points in the scheme of the 
excess intersection {Bb)s H C . 

The contribution to the I{b) from the singularity requires a specific description 
of the singularity. Analyzing the singularity, especially when m = 1 is a subtle 
process. The entire proof of Clemens conjecture comes down to the calculation of 
some lengths of modules of local rings at this singular point. 

We are only interested in a special kind of quasi- regular deformations Bi,. Those 
coefficients Oj at a singularity of m = 1 satisfy some algebraic equations. Because 
these equations are rather long, we'll use a more algebraic description of a source 
of these equations. The following is the definition of a deviated B^ versus a non- 
deviated Bb- 
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Definition 1.5 (Deviated and Non-deviated). Let the following polynomials 
tti be the coefficients of Bi, at the singular point pq of Bi, with m = l, and we may 
assume ae = ay = 1 for convenience. We define 

05 = 05 + oit + 026*0 + O3I/. 

Let 

hit, 9Q,y) = -{a^t + a'^Oo), 

kit, Oq, y) = (as - 01904)^ + (ag - aioa'r,)9o, 

hit, Oq, y) = (ai - 0304)^ + (02 - aza'^)9Q, 

and let 

gi = 9ot + hh, 

92 = 91+ hh, 

93 = th — ^oh, 
94=y - h- 

Next let 1Z\ he the scheme defined by g\,g2,gA ond TZ\ be defined by gi, g2, 93, 94- 

Thus n\cnl. 

(a) The Bb (and the singular point po ) is called deviated if at the singular point 
of m = 1, there is a linear change of coordinates 

^0 = 6*0 6*0) 
t'^t'it, 9o), 

and u\,U2, U3 which do not vanish at po, U2 + U1 ^ at po, such that TZ\ is defined 
by 

i9'of + u,it')^ = 9',t' + U2it'f = usit'f =^4 = 0, 
and is defined by 

{9'^f + mit')' ^ 9',t' + U2it'f = g, ^ 0. 

(b) The fibre B^ (and the singular point po) is called non-deviated if at the 

singular point of m = 1, the homogeneous portions igi)2,i = 1,2,3 of degree 2, of 
the non-homogeneous polynomials gi,i — 1, 2, 3 have distinct roots. 

(c) Let 

Lih) = LiOo,nl)-LiOo,n\) 
be the multiplicity of the pair of local rings OQ -j^b, Oqj^i^. 



In [Wa] we proved: 
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Theorem 1.6. With the notations and assumptions are as above, if a generic fibre 
Bi, is non-deviated, but some special fibre is deviated, then c^ can't deform in /g. 

Thus it is clear that in this paper, we only need to search for a one parameter 
family of quintic threefolds in all quintic threefolds, in which we construct a deviated 
quasi-regular deformation Bi,. Then by theorem (1.6), theorem (1.1) is proved. 
In logic, it is important to notice all of the constructions here in this paper is 
independent of the existence of a deformation of rational curves in generic quintic 
threefolds, i.e., we don't need the assumption (2.1) below. But we state it in the 
next section in order to verify the conditions on not for the construction itself. 
Thus the local multiplicity I{b,pi) also can be calculated without the existence 
of R. Then we can say the sum of I{b,pi) being zero is an obstruction to the 
existence of R. The following is how we organize the rest of the paper: In section 
(2), we state the construction of family {Bj,} and sufficient geometric conditions 
(2.5), (2.10) for the construction of Bf, which would allow the family {-85} to have 
a deviated member. There will be no proofs, only statements of the construction in 
this section. In section (3), we prove that these conditions (2.5), (2.10) are sufficient 
for a quasi-regular deformation. The main point of the proof is to show that all 
the indices ii, i2,ji,j2, '^o are independent of the parameter b. They are all zeros of 
sections of some vector bundles over the rational curve cq. In section 4, we prove 
that the conditions (2.5), (2.10) can be achieved in generic quintic threefolds and 
some special member is deviated. 

Acknowledgment: We would like to thank Herb Clemens for all the advises 
and stimulating discussions on this subject during this work. 

2. The geometric requirements for a quasi-regular deformation Bi, 

First let's start with our setting. Let CP^'^^ be the projectivization of 

iy°(Ocp4(5)), 

the space of all hypersurfaces of degree 5 in CP"^. let M be the space of all mor- 
phisms 

c : CP^ ^ CP^ 

whose image is an irreducible, smooth rational curve of degree d. Thus M is an 
open set of projectivization of {Q)50cpi (d)) . 

The following assumption is not used in the construction of S5, rather in the 
verification that our constructed i?b is a family of quasi-regular deformations with 
a deviated member. 
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Assumption 2.1. Through out this paper, we assume a one parameter family 

Cyr,e small complex number 

of smooth rational curves of degree d in a generic quintic three fold f exists and its 
normal bundle 

is equal to 

Oce(A;)eOc)(-2-A;) 

for all e. 
Let 

S = {{f,x) e CP^25 X ^p4 . a; g c}, for small e} 

be the total set of family for small e. 
Let e be the evaluation map 

e : CPi25 X M X CP^ > CP^^s ^ CP^ 

m[c],t) — > {[f],c{t)). 

Let 

r = {([/],[c])eCpi2^xM:cc/} 

be an irreducible component of the incidence scheme, be the reduced variety 
of r. Suppose the family in assumption (2.1) lies in F/jg, i.e., (/, c^-) G r^^g. 
So assumption (2.1) says F dominates CP^^^ and dim(r) is larger than 125. The 
following are very important conventions we'll use through out the paper: 

(1) Since our study is locally around a generic point 70 of r^^e , we choose an 
affine open set C^^^+^d cpi25 ^ m, denoted by U. Later aU the necessary 
structures we use are the canonical structure of this linear space (C.^'^^+^d. ^j^ggg 
structures include the linear space , flat connection. 

(2) We let U be identified with a closed set in 

iy°(C'cp4(5))xiy°(e5C»cpi(ci)), 

that does not contain the origin. Also U — Ui x U2, where Ui — C^^^ is a closed 
set in H^{Ocp45)) and U2 = C^^+^ is a closed set of H^{®50cpi{d)). 

(3) If 7 = ([/], [c]) e Tfle, then ^{t) denotes ([/], c(i)). 

(4) If a G T^U, then a{t) is the vector field e^,{a) at the points 7(t). 

(5) We denote the directional derivative by Fy for a function F and a tangent 
vector V. 
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(6) All the higher derivatives in CP^ are done in homogeneous coordinates of 
CP^. For instance if ai,a2 are two vectors at a point [z] e CP^. for a homoge- 
neous polynomial F on CP"*, Pa ([-2^]) is the second derivatives in homogeneous 
coordinates in the direction of ai, where oti are the non-zero vectors in at z that 
corresponds to ai. 

After the introductions of all the notations, let's come back to the construction 
of Pfe. For that, we would like to choose a curve L G CP^^^, and construct a quasi- 
regular deformation P^ C L x CP^. The construction begin with some subvariety 
^rn(t) in L X M. Then through the evaluation map e, it is "transformed" to the 
space L x CP^. 

Let / e Ui, c e U2. Its pull-back c*(/) is a section of Ocp^i^d) bundle. Let 
(/o, Co) e Tile. So c^(/o) = 0. Let a e T(Jq^co)(^)- If we view c*(/) as a map from 
the closed set U of 

to P°(Ocpi (5(i)). Then the derivative {c*f)a lies in the tangent space To(P'^(Ocpi (5(i))) 
of linear space P°(Ocpi (5d)) at 0. We identify To(P°(Ocpi (5(i))) with P°(Ocpi (5(i)). 
Thus {c* f)oi is again a section of Ocpi(5(i). 

Definition 2.2. (Degenerated Locus) Let 

Ir C sym^'^-^(CP^) X Fjie 

6e the set of all {m{t), ([/o], [co])) ^^^^ satisfy: for each h(t) G sym^ (CP^) , there 
is a first order deformation a^^t) ^ ^([/o],[co])(^) o//o,co m CP-*^^^ and M, st<c/i 
^/lat the divisor of the section {c* f)^, on CP'^ is h{t) +m{t). Here we abused the 
notation: h{t) + m{t) means the sum of all points in h{t) and m{t). That says that 
a moves 5d points h{t),m{t) within the universal quintic threefold X. 

(1) We call Ir the degenerated locus of length r. From now on if (m(t),7) is 
in the degenerated locus, we say m{t) G sym^^~'^ (CP^) is degenerated relative to 
7 G Fpefor 7 is degenerated relative to m{t) ). 

(2) We let ^rn(t) be the fibre of Ir over a point m{t) G sym^'^~'^ (CP^) . So ^rn{t) 
is the collection of all 7 G Fpe such that 7 is degenerated relative to m(t). 

Let ti, i = 1, • • • , 5ci — r be the points from m(t), and 

J_ ^{c*f{t^),■■■ ,C*f{t^d_r)) 

diyi, ■ ■ • ,yi29+5d) 

be the Jacobian matrix at (/, c) = 7 G F, where yi are the variables for U. Then 
Ir is exactly the determinantal variety of J whose maximal rank is 5d — r — 1. 
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Remark. A necessary condition for L{b) to be a non-constant is that the inter- 
section of An Bf, is non-proper, or equivalently Bi, contains the rational curve cq. 
That requires at least one of the intersection points of / fl c for (/, c) e B^ sweeps 
through the entire curve cq as (/, c) approaches (/o,co) G Tjie- The degenerated 
locus is the exact notion for study of this limiting process. 

Now let 7o = (/o, Co) be a generic point in Tue- Let m(t) be degenerated relative 
to 7o of length r. The following are all the geometric objects we need for the 
construction of Bi,: 

(1) Pick a point in m{t). Let n{t) = m{t) - e syrrV>'^-''-^{CP^) such that 
n{t) is not degenerated relative to all 7 near 70 (including 70). Consider the subset 

^'mit) = {{[fl [c])eU: div{c*f) = m{t) + r points}. 

Kit) = {([/]> H) e t/ : div{c*f) = n{t) + (r + 1) points}. 
So or S^^p over each quintic / is the collection of all morphisms: 

cpi > CP^ 

that send the marked points m{t) (or n{t)) to the quintic /. Note ^'n{t) '^^ smooth 
at 7o, but S^^^^ is not. 

(2) Let / be a curve in F/je, which will be called the central axis. The projection 
of I to CP^^^ is a smooth curve through the point 70, denoted by L. 

(3) Let Si be some codimensional 129> + r — dim(T) subvariety of U that contains 
F/je and is smooth along F^je- Let S2 be a smooth subvariety of U of codimension 
dimF-1, such that scheme-theoretically ^2 fl F^^g = i (intersection is proper). 

(4) Let 

Sn(t) = K{t) n^i n52. 

(5) Let B be the collection of all pairs of subvarieties <Si, S2 which is an open set 
of the product of the Chow variety. 

Definition 2.3. 

The surface Bi, is defined to be the non trivial component (not equal to e{l xCP^) 
and e{Tjjn x {ti}) where ti is one of the point of m{t).) of the intersection 

(2.4) e(E^(,) xCpi)nX. 

Remark. It is not difficult to see the intersection e{T,rn{t) x CP^) fl X always 
has the trivial component 

e{l X CP^) 
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which is the union rational curves from Tjie and 5d — r components 

e(E^ X {ti}) 

that do not contain cq but meet cq at co{ti) for all U from m{t). Our Bi, is residual 
to these trivial components. This process of taking the residue is a very important 
step to obtain the deviated singular point pq. Thus all the procedures of taking 
marked points, intersections by Si and the residue are for one purpose: to produce 
a deviated singular point of Bf, which is equivalent to have a non-constant L{b). 

During the construction we should note Bb depends on S^, thus E^, / and 
the cutting varieties Si,S2- There are two different levels of that dependence: 
E^^^-j, S^^^-j determine the component B in the Chow variety; the cutting by Si de- 
termines a specific in the component B. Definition (2.3) is the basic construction 
of the family of surface {B},}. In general a component B in (2.3) is a quasi-regular 
deformation, but it may not have a deviated member. For instance if r < k + 2, the 
family {Bb} does not have a deviated member. Thus we need to impose sufficient 
conditions on this family to have a deviated quasi- regular deformation as in (1.5), 
i.e., we need to pick a right component B. 

The following are the conditions we impose on E^^^) and S^^^^. Let 
X = {{f,x) :feL,xef}c CP'^^ X CP\ 

Let C be the union of all the rational curves in X, that are parametrized by the 
central axis /. Let H be the generic divisor of X that is generically smooth at C, 
and H n S = C holds at the generic points of C. Let be a generic divisor of X 
that is smooth at the generic points of Cq (recall that Cq is a generic curve in /), such 
that K n H n S — Cq at generic points of cq. The purpose of having these divisors 
is to give local coordinates of X at the generic points of cq. These coordinates will 
be used in the defining equations of Bb. 

The following are two important notations: 

(1) Let 7o be the rational curve {70} x CP^. Thus e{%) — cq. The notation 
(70)^ denotes a scheme of geometric multiplicity g with the set 70. For g = 0, (70)° 
denotes a scheme whose reduced variety consists of finitely many points on 70. 

(2) For the simplicity of the statements, [Di fl .02)0 denotes the non-trivial 
components of the intersection Di fl D2 in U x CP^ that are not in Fjie x CP^, 
and the projection of which to CP^ is not any of the sets {ti}, i = 1, ■ ■ ■ 5d — r with 
(ti, ■ ■ ■ ,^5d-r) = rn{t)- 

2.5 Primary Conditions on the S^^^^. 

These are the most important requirements on the spaces S^, which deter- 
mine the component B. We require 



(2.6) 



r — k + 3. 
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and at the generic points 0/70, 

(2.7) ((E„ X CP') n e-i(X) n e-'{H))o n e-'{H) = (70)°, 

(2.8) ((S„ X CP') n e-\X) n e-\S))o n e-\H) = 70, 

(2.9) {{Em X cp^) n e-\x))o n e-^(iy) = (70)'. 

Remark. Actually the condition r = /c + 3 is a necessary condition to have the 
following three conditions (2.7)-(2.9). The orders of contacts of three intersections 
along 70 in (2.7), (2.8), (2.9) are strictly increasing. This is the main character for 
the space If in any of the steps from (2.7) to (2.9), the order of the contact 

is not increasing (stays the same) it'll always lead to a non-deviated B(,, because 
of the exponent condition in (2.13), part I. The requirement for the increase of the 
order from (2.8) to (2.9) is that the length of the degeneracy of m{t) is at least 
k + 2. Here we take the length to be A; + 3 because of the secondary condition (2.12) 
below. These three conditions on the contacts build a foundation for a deviated 
Bi,. These three conditions can't be obtained by adjusting the cutting angles of Si 
because they are the conditions imposed on the entire rational curve cq. 

2.10 Secondary conditions on T,m{t)- 

These requirements are secondary because they can he obtained by adjusting the 
cutting spaces Si. These conditions will shrink the component B we already had 
above in (2.5). If the intersection in (2.7), (2.8), (2.9) is (70)^, then through 
some points on 70 the intersections (2.7), (2.8), (2.9) contain smooth curves. The 
following are the requirements on these curves. Let K' be a generic divisor in 
U X CP' such that locally K' Hi = [cq], and e{K') = K. We require that: 

(a) There is only one singular point pq of such that: 

(1) there is a smooth curve as a component of the intersection 

(2.11) {{T.mXCP')r\e-'{X))or\K', 

that passes through 70 at the point (70, Po) transversally in the smooth surface 

(En X CP')r\e-'{X)r\K'; 

(2) there is a smooth curve as a component of the intersection 



(2.12) 



((S„ X CP') n e-'{X) n e-'{S))o n e-'{H), 
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that passes through 70 at the point (70,^0) transversally in the smooth surface 

(En X CP^) n e-^(x) n e-^(iy); 

(3) there is a smooth curve as a component of the intersection 

(2.13) ((S„ X CP^) n e-^x n e-^{S))o n K', 
that passes through 70 at the point (70, Po) transversally in 

(s„ X CP^)ne"^(x)nK'. 

fl^j there is a smooth surface as a component of the intersection 

(2.14) (s„ X cp^)ne-^(x)ne-^(iy), 

that passes through 70 at the point (70, Po) transversally in threefold 

(S„ X CP^)ne-^(x). 

W^e'// say t/iat st<c/i a singular point of Bb satisfying (l)-(4) has index m= 1. 

(b) at the other singular points of Bf, along cq, the intersections in (2.11) is 
the same as above, but the intersections in (2.12) through (2.14) have only one 
component 70 with multiplicities as in (2.5), i.e., they don't have a component of 

smooth curves passing through 70. 

We'll let B be all such b = (5i, ^2) that E^, satisfy all the conditions in (2.5), 
(2.10). 

3. Verification that {-85} is quasi-regular with both deviated and non- 
deviated members 

Theorem 3.1. We still assume (2.1), also assume the T^rnit) satisfy (2.5) and 
(2.10). Then the resulting {Bb} is a family of quasi-regular deformations that has 
both non-deviated and deviated members. So by theorem fl.6j, this contradicts the 
assumption (2.1). 

Proof. The main thing we need to prove here is that all the indices ii, i2,ii, J2, 't-o 
for the quasi-regular deformations B^ are independent choice of b. We'll prove that 
by showing that they are numbers of zeros of sections of some vector bundles. Hence 
they do not depend on Si. The proof of the existence of deviated members will be 
postponed to the end of this paper. 

The proof is rather straightforward. We need to write down the ideal in the local 
ring Ot{Bb) of B^, at each point t G cq. We should start from the beginning of the 



CLEMENS'S CONJECTURE: PART II 



13 



construction: the subvariety S^(^) of dimension 3. The T,n{t) is smooth because n{t) 
is not degenerated relative to all 7 e Z. Thus we let ^■,xi,X2 be local parameters 
for 

(3.2) T,n(t) =1(1)+ (^hi2XiXl'' 

where ai^ij vectors in the afRne space U, ^(7) is the axis / parametrized by 7 and 
7 = corresponds to the point 70 = (/o, cq). Then 7, xi, X2, t are the coordinates 
for 

e(S„ X CP^). 

Note all QJiiij depend on 7. Let t be a generic point of CP^. We'll fix an affine 
open set for CP^ also. The varieties X, if, S can be viewed locally as divi- 
sors in L X CP'^. To abuse the notations we'll use the same letters to denote the 
polynomials that define them, i.e. {X = 0} = X, etc. Also to simplify the ex- 
pression, we'll use the same letter X, K, H, S to express the pull back polynomials 
e*{X), e*{K), e*(if), e*{S) of X, K, H, S. 
The intersection 

(E„ X CP^)ne-^(X) 
is the determined by the equation 

(3.3) X(7, Xi, X2, t) = F(7, Xi, X2, t)Pn{t) 

where Pn{t) is just a constant polynomial in t of the degree bd—k—A that corresponds 
to the point n{t) e sym^'^~^~^{£.P^). We can solve F for xi (or X2) to obtain 

(3.4) xi = k\X2 + ^ kix\, 

i 

where ki = - Thus 

(E„ X CP^)ne-^{X) 

is the set 

(3.5) (^(7) -I- a;2(A;iQ;io -h aoi) + ^ aij^i^xYx2 ,t) 

ii+i2>2 

parametrized by 7,0:2,^. Note ki{t,^) is a function of t, 7, and xi{t,X2,j) is a 
function of j,X2,t. Next we analyze the intersection in (2.8), 



((S„ X CPI) n e-\X) n e-\S))o n e-\H), 
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in a great detail to interpret the meaning of (2.8), in terms of vanishing orders of 
polynomials in local coordinates. The other intersections in (2.5) and (2.10) are 
similar to this intersection. Thus we'll analyze it by referring to the same process 
for (2.8). This process of analyzing will lead to the defining equations of Bt, which 
will show that all the numbers ji, «2, ■ ■ ■ in the definition (1.2) are independent 
of b. Denote the vector /cictio + aoi by vt- Plug the (3.5) into the defining equations 



ofe-\S). Then 



(En X CP^) n e-^{X) n e-^{S) 



is defined by 



(3.6) 



where hi are non-zero at 7 = and t. Thus 



((s, xCpi)ne-i(x)ne-i(5))o 



is defined by 



(3.7) 



By the condition (2.8), 



(3.8) 



-5, 



Vt 1 70 



= 




((E^ X CP^) n e-\X) n e-\S))o D e'^H) 



then is defined by 



X2 = 0, 

xi = 0. 



(So at generic point of 70, it is defined by 



^ = Xi = X2 = 0.) 



Similarly, 

(S„ X CP^) n e-\X) n e-\H) 
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is defined by 

(3.9) X2 [ Hy^ + 7(i?„J^|^Q + X2hi + 7^62 ) = 



By (2.7), ^ for all t. 

For the last equatfon (2.9), we note by the definitfon of T^rn{t)i 

(3.10) (En X CPI) n {F|,=o = 0} = 

Let {q{x\,X2) + ^4(3^1, ^2)7 + 65) be the second and higher order expansion of 

F\t=Q = F(7,a;i,a;2,0). 



So q{ki, 1) is 



evaluated at a;i = fci, a;2 = 1- Then we can use the same arguments as above to 
obtain that 

((E^xCpi)ne-i(X))o 

is defined by 

Xi = kiX2 + ^2 ^»^2) 

(3.11) i>2 

^1^3(7)7^ + X2iqiki, 1) + 647 + ^53^2) = 

where bi does not vanish at a;2 = 7 = and there is no linear term in 7 because of 
(2.9). 

Now we can write down the equations for 5^. Let Bf, be the subvariety of E„ 
which is defined by equations 

xi = kiX2 + y^^kjxl, 

(3.12) i>2 

fci^>3(7)7^ + X2{q{ki) + 647 + hx2) = 

Then Bi, is just the image of Bi, under the map e. Introduce the coordinates 
(t, ^0,^1, ^2) for X such that {02 = 0} is S, {61 = 0} is H, {6*0 = 0} is and 
^0 = ^1 = ^2 = is the cq. Let those local coordinates also include that at point pi 
from Definition 1.3, part (3), i.e. the tangent space of {62 = 0} determines E at 
this point, but {6*2 = 0} is not S. Next we convert the parametric expression (3.12) 
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(That was how we define 5^ above) to an expression in defining equations. At the 
points t e CP-^ with q{ki, 1) ^ 0, we have X2 = ~ g(fcf\) 7^ where be does not vanish 
at 7 — 0,t. Without loosing generahty, we might assume the image of the divisor 
{7 = 0} under e is just the divisor K. Thus plug the coordinates expression (3.12) 
into K, H, S and use X2 = ~ g(fcf'i) 7^ we have 

7 = 6*0 

(3.13) ki^^HMl) + 7^^>8(7, t) = 01 

A;i7'(^.j7^>9(7) +7%o(7,t) = ^2. 

Replacing 7 by we obtain the local defining equations of S5: 



helH^M^o) + e^obsieo, t) = 

Because the coefficients for 6'i, 6*2 are always 1, i?b is always smooth at these points. 
The equations LOCALLY define i?b at points where q{ki, 1) ^ 0. The coefficients 
of the leading terms in (3.14) are global in the sense that they are for all points of 

Co- 

Those indices i, j, ■ ■ ■ correspond to the numbers of zeros of ki = 0, Hy^ = 
and ('§'^4)7 = evaluated at 70. Next we just need to find the numbers of all these 
zeros. First in equations (3.14), there are two different kinds of poles: one, from 
the zeros of Fq,io(7o, t) = in an expression for ki (below (3.4)), is not an singular 
point of ^^(because we can always solve for X2 in the step of (3.4) then those poles 
are not the poles in the expression for X2); the others are just from the set of all 
zeros of q(/ci, 1) = which are singular points of B^,. In the following calculation, 
all the derivatives on the vector fields, as we noted at the beginning of section 3, 
use the flat connection on the affine set 

U X 

Then furthermore we can calculate 
Note 

Thus e*{vt\'yo) lies in E. By the lemma (4.3), there is a vector v] such that 



(3.15) 
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Thus 

(3.16) {SyJ^\j=o = S(^y^^^_y^ 

To understand how many zeros there are (or how many imbedded points there are 
for the intersections in (2.5)), we need to know the zeros of the (3.16) in t. First 
we denote this vector 



by It has A; + 3 poles on 70 x £,P^ (first kind of poles, so they are not singular 
points of 55), this is because of the following: by the definition of m(t), n(t), 

TT TP 

both are polynomials in t of degree A; + 4 at general 7, and also both are divisible 
by t at 70- Furthermore, by (2.9), 

(F,„,(0,0))^ = (F,,„(0,0))^ = 0. 

So 



/, X / -^aoi (0' ^) \ 



has only /c + 3 poles (pole at is canceled). 

Note ki at 70 has the same A; + 3 poles which are the non-zero zeros of 

F«,,(0,i) = 0. 

Let h{t) be the polynomials such that div{h{t)) is the sum of these A;-|-3 poles. For 
the simplicity we would like to multiply 

(vt)^ - vl 

by the degree /c + 3 polynomial /t(t) to get rid of the poles to have a section of 

r{0}xCpi(f^xCpi)®O(A; + 3) 

Let's denote this section by fil- Clearly, to get rid of the poles of fci, we can multiply 
the same polynomial h{€) of degree /e + 3. To summarize it, we have 
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Note that fij — I3lh{t) is a section of 

r{o}xCpi(t/xCP^)(g)C>(A; + 3). 

So a root of Sp'i = is a point where e^(0l) hes in E. Note e*(/37) is reduced to a 
holomorphic section in 

TX/E\-,,®0-c,{k + 3)^0-c,{l) 

Thus 

has one root. By (2.10) this only root of 

is a singular point of 5;, of m = 1. 
Similarly note 

E/TC\-a, (8) Oeo (A; + 3) ~ C»eo i'^k + 3). 

A root of Hy^ = is just a point where e*(vt) lies in TC. Similarly by multiplying 
the polynomial h{t), e^{vt ■ h{t)) induces a section in 

E/TC\-c, ® Oc,{k + 3) ~ a-o(2/c + 3). 

Since e^{vt) lies in TC at 2/c + 3 points, 

Hy,=0 

has 2k + 3 roots. 

Now recall in (2.3), we have indices ii, ^2, Ji, J2 for such a quasi regular deforma- 
tion Bf). 

In this case by (3.14), 

(3.17) i^=j^=k + 3. 

is the number of roots of ki = 0. The 12 is the number of roots of 

(Sy^)^ — 

which are smooth points of S5. We just mentioned by (2.10), part (2), the only 
root of {Sy^)j = is the singular point of B), with m= 1. Thus 

(3.18) i2 = 0. 
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The j2 is the number of the roots H^^ = which are smooth points of Since 
by (2.14), one of root of Hy^ = is a singular point of 5^ of m = 1. So 

(3.19) j2 = 2k + 2 

Next we consider the situation at the point t where q{ki,t) = 0. This is a 
singular point of Sf,. First assume this is a singularity t = of m = 0, we have 
similar equations for Bi,. The Bi, is the projection, to (t, ^o, ^i, 6'2)-plane, of 



6*0 + ^2 yait + a20o + 03X2 J = 0, 

^"^■^^^ di = X2{a4 + asOo + aeX2), 

02 = 0^2(07^0 + CI8X2 + agX20o + aioxf), 
where all ai come from the expansions of 

F{eo,Xi{x2, t),X2, 0), H{eo, Xi{x2,t),X2, t), S{6o, Xi{x2, t), X2, t). 

Specifically the set of equations (3.20) comes from the set of equations 

— TT-^^ 77-^(^0, Xi{x2, t), X2, 0) = 6*0 + X2 [ait + 026*0 + 03X2 J , 

di{eo,X2,t) \ J 

H{9Q,Xi{x2,t),X2,t) = ^2(04 + 056*0 + 06^2), 



(^2 (6*0, 3^2, t) 

1 

^3(6'o,a;2,^) 



S'(6'o,a;i(a;2,t),a^2,^) = 3^2(076*0 + (18X2 + 093^26*0 + 0100:2), 



where di, 82, Ss are just the coefficients of 9q in F, x\ in H and a:202^ in S. Thus 
ttg = 07 = 1. The importance of those coefficients is that they determine whether 
the surfaces i?b at singular point is deviated or non-deviated. 

Considering the degree of the polynomial g(/ci, Vjh? = is 2A; + 6. One of them 
has already been considered above with m-index 1. Thus we conclude the number 
of singular points of m = is 

(3.21) no = 2A; + 5. 

If this is the point t = of m = 1 as in (2.10), which is the point pq. We have 
coordinates of the mapping e as before. 



^0 + ^2 [cut + 02^0 + 033^2 J = 0, 

^^■^^^ 6*1 = a;2 (a4t + 056*0 + 05X2) , 

O2 = X2{a79ot + astx2 + 09X26*0 + aiQx\). 
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where all the are none zero at this singular point. Bf, is the subvariety in the 
(t, 9i) plane defined by (3.22) with X2 eliminated. 

In the first equation, the existence of ait term with oi 7^ at the point is due to 
the condition (2.9a), part (1); in second equation, a^t exists because of the condition 
(2.9a), part 4; in the third equation 076*0^ + 08^2^ exists because of the condition 
(2.9a), part (2), (3). 

Claim 3.23. We claim that for generic b E B, the Bi, is non-deviated at this 
point; for some special h, B^ is deviated at this point(see (1-5) for the definition of 
deviated, non- deviated). 

The proof of this claim will be postponed to the very end of this paper. 
Since there is only one point that satisfies all the conditions in (2.9a), 

(3.24) m = 1. 

Combining aU (3.17), (3.18), (3.19), (3.21), (3.24), we obtain that aU the indices 

«i,«2, ji,j2,no,ni 

are constant. Therefore B^ is a family of quasi-regular deformations. By our claim 
(3.23), we completes the proof of (3.1). Note: we still need to prove (3.23) after 
the construction of □ 

Remark . Using (3.17), (3.18), (3.19), (3.21), (3.24) where aU are 
explicit, we can actually see 

J]/(6,p0=0. 

By the calculation in part I, proposition (4.1), I{b,po) = for a non-deviated Bi,. 
Thus if Bf, is non-deviated, 

all i 

This has no contradiction with the existence of the deformation of the rational 
curves in a generic quintic threefold /. To have a contradiction we need to go to 
special higher orders to have a deviated Sf,. But the existence of such special higher 
orders is already determined by the configuration of the exponents in the defining 
equations (3.22) of 5^ at pq. 

4. deformation space Tirn{t) 

In this section, we prove that there is such a deformation space E^, that satisfies 
all the conditions in (2.5), (2.10) and claim (3.23). The proof requires a long 
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built-up in the geometry of rational curves in quintic threefolds. This built-up will 
last till theorem (4.25). The following (4.1)-(4.4) are basic structure lemmas and 
definitions at the level of tangent bundles and normal bundles. In the rest of paper, 
X denotes the universal quintic threefold 

{a/],a;);a;e/}cCpi^^xCP^ 

Note that the old X in section (3) is just the restriction of the current X to the 
curve L c CP^^^. Also recall 

5 = {([/],x):xec,([/],[c])erfle}cX. 

Without a confusion in a context, let S also denote a homogeneous polynomial on 
Cpi25 X such that 

{5 = 0} n X 
is the subvariety S at the generic points of S. 
Lemma 4.1. Recall 

N,M=0{k)(B0{-k-2), k>0 
for generic ([/o], [cq]) G Tjie- Let 

a > C({t), 

where a{t) is the push-forward of a by e(see notation (4) after assumption (2,.l)). 

(1 ) Let 

Co = {[/o]} X Co C X 

where ([/o], [co]) G F/je is generic. So cq is a rational curve in X. There is a 
unique subbundle E of rank 127 in Tc^X, such that the quotient bundle Tcq{X)/E 
is isomorphic to 0{—2 — k) for some non negative integer k. 

(2) The homomorphism is surjective. 

Proof. Consider the morphism : r^^e — CP^'^^ which is generically smooth. So 
locally around the generic point ([/o])[co]) G we have a submanifold V ~ 
A^25 ^ r^^^ such that 

is an isomorphism, where A-*^^^ is a disk in C^^^. Let 

V X CPi — ^ X c CPi25 X 
{f,c,t) . (/,c(t)) 
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be the evaluation map. Then e is an imbedding, since cq is an imbedding. Thus 
e{V X CP^) is an submanifold in X, which is isomorphic to A"*^^^ x CP^. We denote 
it by W. By the adjunction formula, /-^ ci(Tco(X)) = 0. Since f-^ci{TW) = 2, 
/-^ ci{TcoX/TW) = -2. The normal bundle Nw{X)\co over co ~ CP^ is isomor- 
phic to 0{k) © 0{—k — 2). Since cq can move in /o, so cq can move in X and is not 
tangent to W. Thus k can't be negative. Hence 0{k) gives a rise to a subbundle 
E in TaoiX). Therefore Tco{X)/E ^ C(-/c - 2). 

To show £■ is unique, let E' be another rank 127 bundle with 

T,^{X)/E'c^O{-k-2). 

Take any vector vt over fibre Ef of £■ over t, there is a holomorphic section s oi E 
with St = Vf- The s induces a holomorphic section in 

T-,,{X)/E' c^O{-k-2) 

which has to be zero section. Thus st = vt E E' . That shows E d E' . Since they 
both are of rank 127, E = E'. 

(2) Let [H] — Ocp4,{l) be the line bundle of hyperplane section H of CP^ 
restricted to c. We have the Euler sequence over cq, 

^ C > ®5[H] > Teo(CP4) 



Since H^{C) = 0, we exact a sequence 

> H^{C) > H%®^[H]) 

That shows 



^ iyO(Tc(Cp4)) > H\C) = 



dim{H°{Ta{CP'^))) = dim{H°{e5[H])) - dim{H^{C)) = 5d + 4 

Let (3 e TfcjC^'^^^, and -0 be the homomorphism 

T[c](C^'^+^ - {0}) > H^{T^CP^) 

If 7^/9 = 0, then {P^{t), • • • , is parallel to the vector (co(t), • • • , C4(t)), where 

/^•^ (t) = and are the coordinates for TjcjC^'^"'"^. Hence there is a rational 

function X{t) on P^, such that 
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Since (co(t),-- - ,C4(t)) 7^ for all t e CP^, X{t) has to be a constant. Hence 
Pi = Ac]. Thus ker{'ip) has dimension 1. Therefore ker{'ip) has dimension 0. That 
proves ip is onto. □ 

Recall that c*(/) is in H^p^ibd). There is a rational map £: 

U > Hlp,{5d) 

if,c) > c*if) 

Let ([/o], [co]) e ^Re- The first derivative of £ induces a homomorphism (£^)*: 

^([/o],[co])(CP^''xM)/T([^.„^,„])r . iy°p.(5d) 

« > (c*(/))a 

where T([Jq] [co])r is the Zariski tangent space of F. 
By (4.1), the vector space 

^([/o],[co])(CP'''xM)/7^([/o],[co])r 

is isomorphic to 

where cZi + (i2 = — A; — 2. Let cq = {[/o]} x co as before. 

Definition 4.2. 

(1) The image of the isomorphism above is denoted by 

(Aa(t),/ia(t)) 

for a e Teo(CP^2^ x M/TT), where t is the point in cq ^ CP^, and Xa{t):Hait) 
are sections of Oco{di) and Oco(^2)j which depend on 70 = {fo,co). 

(2) The homomorphism (S)^ is denoted by 

{£)4a) = h{t)Xait) + l2it)fiait), 

where Xait) , fJ-ait) ore sections of OcQ{d\) and OcQ{d2) respectively. 

(3) Similarly 

for generic 7 G Tjie o.nd some Ocq{*) -sections Is and U. 

Both Aq,(7, t) and /Uq,(7, t) are important invariants in this paper. We'll use them 
in the rest of the paper. As before all the higher derivatives use the homogeneous 
coordinates for the projective spaces. We identify T^qU with the trivial subbundle 
Tjo U ® {0} of the vector bundle 

T{UxCP%,, 

where 70 = {70} x CP^. 
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Lemma 4.3. The notations are as in (4-1) ■ -All derivatives are evaluated at either 
the rational curve 70 or the rational curve cq. Let v{t) be a section of 

such that e^{y{t)) lies in E for all t. Then for any homogeneous function that 
vanishes on S and r e Try^Vn^, there exists a section 

v{ty eT^,{UxCP')^0^,{r), 

such that 

{e*ip)v(t)T + (e»„(t)- = 0, 

as a section of OcQ{r') bundle, i.e., as a polynomial int, where the second derivative 
uses the affine coordinates (or flat connection) as indicated in the beginning of 
section (3). Note v{tY is only unique upto a vector in 

T^,{TR,xCP^)^0^,{r). 

Proof. Since e*(v(t)) lies in E, by the surjection in (4.1), there exists a section 

Mt)-Yl^^h,eT^,{T)0O{r). 

i 

such that e*(t'o(^)) = e*(w(t)) along cq. Then we take an extension (not unique) 

K^) = $^i^i^ieT^(r)®o(r) 

i 

to F/fe locally around 70, such that e^.{u{t)) = e*(f (t)) at Cq, where Pi G T-ygF/jg 
are vector fields of U that is defined over F^^e such that e^{yi) lies in E. We can 
calculate 

{e*{'4^))v{t)T = V'e,(«(t))e.(r) + i^e,(tw 

where e„(t)^ is the second derivative of the coordinates map e ( use the homogenous 
coordinates of CP^). Note the map e is linear, thus e^(t)^ = 0. Therefore 

(e*(V'))t,(t)r = 1pe.(vit))e.ir)- 

Similarly 

(e*('0))^(t)r = i^e.{^{t))e.{T)- 
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Note e^{u{t)) = e^{v{t)) at cq. We obtain 

(e*(V'))t,(t)r = {e*W)„{t)r- 
Notice (e*('i/'))i/j(t) = on Tue. Thus for each i, 

V /r V / h'i{t)T V ^ h'i{t)r 

where {i'i)r is the derivative of the vector field Ui in the direction r via the fiat 
connection. So if we let 

V{tr = J2hi{t){l^i)r. 

i 

the lemma is proved. □ 

Let the universal quintic polynomial expressed as: 

X = PqZq + PiZozf + P2Zozj + PsZqz^ + P4.zozj + (f){a, z), 

where zq, - ■ • ,Z4 are the homogeneous coordinates for the space CP^. Let W be the 
sublinear variety spanned by = 0, 1, 2,3,4 in CP^^^. Let tt be the projection 
from CPi25 X M to W^. 

Lemma 4.4. Let G CP^ be generic. Let ^ be the subset of such that 
([/],[c]) e * if and only if 

c(0) = [1,0,0,0,0]. 

Let 7o be a generic point of^. Then the differential map tt* from T^q^' to T^(^^^)W 
is surjective. 

Proof. Easy to see \1/ is invariant under the GL{5) action with fixed po = [1, 0, 0, 0, 0] . 
Thus for the generic 70, G — {5^(70) : 9 G GL{5), g{po) — po} is a subvariety of 
^f, so its tangent space is contained in the tangent space of It is clear that the 
projection from TG to TW is surjective. Thus the projection from T'^ to TW is 
also surjective. □ 

The lemma, definition above are set-up for the following more important propo- 
sitions. Recall that in the intersections of (2.5), the exponent of 70 in (2.9) is larger 
than the exponent of 70 in (2.8). This is a key requirement for the local multiplicity 
I{b,po) to be a non-constant, because these exponents are exactly equal to the ex- 
ponents of 6*0 in overview, (2.15)(i.e. the exponents of 6*0 of gi,g2 in part I, (1.5)). 
Due to the negative portion 0{—2 — k) in the normal bundle A^cj(/), to have these 
exponents in (2.8), (2.9), we must overcome this negativity —2 — k. That requires 
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the length r of degeneracy of m{t) must be k+3 or larger. In general in order to have 
a smooth S^^^, the length of degeneracy must be less than or equal to min{di, ^2) 
where di, d2 are defined in (4.2). Thus we must prove min{di, ^2) > k + 3. In all 
the known examples to author, where there is a one parameter family of smooth 
rational curves in a quintic threefold, the min{di, ^2) < k + 3. Thus this condition 
min{di, ^2) > /c + 3 is a key numerical condition that goes against the existence of 
a deformation of rational curves in a quintic threefold. The following two lemmas 
show this condition can be achieved for generic quintic threefolds. 

Lemma 4.5. With notations above, k ^ d — 2. 

Proof. Suppose k > d — 2. Let 70 = (/o,co) be a generic point in Tjif.. Let 
Co = [co(*)5- • • )CQ(t)]. We'll choose a coordinate system such that Ci{t),Cj{t) for 
i ^ j do not have common roots. Let 

X = f3oZoZiZ2Z3Z4 + Plzlz2Z3Z4 H 

be the universal quintic threefold. Then 

aY((/„,co(t))) _ ONi-i/ 2 3 4 

for z = 0, 1. Denote the vector 



by v{t). Then 



''oit)^^-c'oit)^^^T,,U^Oid) 



^K*)(/o'Co(^)) = 0. 



That shows v{t) lies in 

(4.6) T^,X®0{d). 
Also 

{n,X ® 0{d))/iE ® Oid)) - 0,M -k-2). 

Since v{t) is holomorphic and d — k — 2 < v{t) modulo E must be zero. Thus 
v{t) lies in E along cq. Then must lie in E at the zeros of co(t). Similarly 
should lie in E at all zeros of Ci{t) for z = 0, ■ ■ ■ , 4. But this is impossible unless 
lies in T^^iV). By the change of the coordinates, we obtain all vectors in the 
form 
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must lie in T^qF, where /5ioii...i4 are the coordinates in the space of quintic threefolds, 
and {goo, • • • , ^04) is any non-zero vector. Let V be the collection of all such vectors 
in (4.7). Then V C T/o(CP^^^) is an open set of Veronese variety in 

which span the entire tangent space T/o(CP^^^). Thus T/o(CP^^^) must be con- 
tained in T^o(r). It is obviously impossible. That completes the proof. □ 

Lemma 4.8. Recall 
Then di>k + 3. 

Proof. Suppose di is smaller than d2 and k + S > di. Note d2 = 5d — k — 2 — di. 
First we claim all di must be at least equal to d. Let 

WCT^,{U2) 
W={a:a{t)e{0}eOc,{d2)}. 

The is a sublinear space. Note that using homogeneous coordinates of CP^, 
{U2) is spanned by ct^^, i = 0, • • • ,4, where ai{t) is identified with a section of 
0{d). They are just the basis for T{U2) = T{H^{®^0{d)). Easy to see there exists 
at least one i, such that (y-{t)-^ does not lie in W for a generic a{t) (otherwise 
all vectors should lie in W). Thus eJo/H)^) should lie in E at least at d points 
where a{t) is zero. Hence di > d (Similarly, d2 > d). By the assumption 

k + 3>di>d>k + 2. 

That forces di = d = k + 2. Recall now 

Tso(Cpi'^ X CP^)/E = 0-,M © Oeo(3d). 

Then such splitting is also true when this is restricted to each quintic threefold, i.e. 

r,„(CPVi?/J=Oeo(d)©Oeo(3(i). 

Next we see what kind of quintic would have such splitting. Let Sf^ be the restric- 
tion of S to the quintic /o, i.e.. 



= U(/o,C/o)€rHe(C/o)- 
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Each induces a section Tc^CP^. So let 

d d 

V = {v & span{— — , • • • , — — ) : v lies in E at one point}. 

OZq , OZ/^ 

Easy to see dimiV) = 4, or F is a hypersurface in 

d d 
span{- — ,-^). 

OZq, OZ4 

Then all av for v e F should lie in W. If not, e^{av) will lie in £■ at d + 1 points, 
which contradicts the fact di = d. Also V can not linearly span the entire space 
span{-^),i = 0, • • • ,4, otherwise W will be the entire space T[co]?72- So V can 

only span V itself. Thus V is linear. Suppose V is spanned by • • • , Note 

(Te„CP^)/i?/Je„ = 0,M) © a„(3rf). 

The Oc^Xd) portion gives a rise to the sub-bundle K of Tc„(CP'^) over cq, of rank 
2. We can always find a threefold {G = 0} where G is a homogeneous polynomial 
such that {G — 0} contains cq and at the generic point of cq, the tangent space of 
{G = 0} is equal to K. Since all cu^, i 7^ corresponds to the 

Oeo(3d) 

portion, we obtain z 7^ is zero at cq. On the other hand 

OG OG / ^ 

zq- \ = deg{G)G. 

OZq OZ/^ 

So evaluated at cq, 2^0^^ = 0. Since can not be zero at cq (otherwise all 
derivatives of G will be zero), Zq must vanish at Cq. Then /o = zqJi + q, where q 
is a quintic in ^i, ■ ■ ■ , ;24 that vanish at cq. Consider that /o is a generic quintic. 
Hence we can write the generic quintic threefold 



X = C^mi{a)zi)gi{a, z) + g2{a,z), 



where a are parameters for quintic threefolds, mi{a) are analytic in a, gi is homo- 
geneous in z of degree 4 and §2 is homogeneous in z of degree 5. Also for each 
(a) = f e CP^"^^, there is a rational curve Cf that lies in 

5 

(^'mi{a)zi) = g2{a,z) = 0. 

i=0 
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Take any a e T^JJ . Evaluated at cq = {/o} x cq, 
and 

where \a, fia arc defined in (4.2). Actually they are sections of subbundles 0{d) 
and 0(3d) in above splitting. So l2{t) is a polynomial in t of degree 2d and 
is a polynomial in t of degree 3ci. Next we choose somewhat special a. Let aj be 
the set of parameters that corresponds to the monomial 

Easy to see dim{span{aj)) is 10. At the point 70 = (/o,co), we let H be the 
subspace of span{-^) such that for a e 

r(J]mi(a)2;i)') = Aa(t) = 0. 

Note we only need five linear equations to have Ao,(t) = 0, thus dim{H) > 5. Now 
for generic a & H, evaluated at cq, 

(92)0 = l2{t)lla{t)- 

There are two cases. 

Case (1) when iio.{t) = 0: Then 

where p is the universal quadratic polynomial in CP^. That shows that the rational 
curve Co lies in the quadric 

Paizir- ■ ,^4) = 0. 

There are at least two distinct ai,a2 in H. Thus cq is lies in the intersection of 
two distinct quadrics 

Paiizir-- ,^4) =0,Pa2{zi, - ■ ■ ,Z4) = 0. 

We might assume these quadrics are irreducible. The intersection between these 
two quadrics must be proper. Then by Bezout's theorem, the degree of cq can not 
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exceed 2x2 = 4. Because Clemens' conjecture in the case deg{co) ^ 9 is proved, 
so we can exclude this case. 

Case (2) when Hait) / 0. Then the divisor {zi{t)^ = 0} on cq can not be the 
same as the divisor {/Ua(t) = 0}( otherwise Ha{t) = for a in a hyperplane in 

H, then we go back to the first case). Then some point in the divisor div{zi{t)) 
belongs the support of div{l2{t)) = 0. But this can not be true, because all points 
in div{zi{t)) depend on the choice of coordinate zi while I2 is independent of the 
coordinate zi. These contradictions prove di > k + 3. 

□ 

The following proposition is designed to understand the degeneracy locus firri(t) • 
The part (3) of the proposition which asserts that the codimension of ^rn{t) in ^Re 
is larger than 4 (in fact 3 is enough) directly leads to the exponent conditions in 
(2.5). 

Proposition 4.9. The degenerated locus Ir for r ^ di,i = 1,2 exists and satisfies 

(i) 

Ir = {(m(t),7) :m{t) = h{^,t)~X{t) + l2{^,t)fi{t), 

~X{t) e iy°(Ocpi(rfi -r),/i(t) e iy°(Ocpi(rf2 -r))}. 

(2) dim(Ir)=5d-2r-k-l+dim(r). 

(3) Let 70 = ([/o]) [co]) £ Tfle be generic. Then the length r of degeneracy for 
{m{t),'yo) can be k + 3. If r = k + 3, there exists a codimension 4 subvariety 
V C Fitej such that V is smooth at 70 and 

T^qV D T^f^Q^(^f^, 

where all tangent spaces are Zariski tangent spaces. (For this work, it suffices to 
have cod{V)=3. Also V is actually equal to i^rn{t)} but this assertion is not necessary 
for our proof.) 

Proof. (1) Note the map a — > (Aq, //«) is surjective. By the assumption r ^ di,i = 

I, 2, for any 

CHt),fi{t)) G i/°(Ocpi(di - r)) X ifO(Ocpi(d2 - r)), 

and a generic section h{t) e i/°(Ocpi (r)), there exists an a e T^oi-^ ^ such 
that 

(Aa ) fJ'a 

By the definition 

(c*/)a = Ht) fzi(7, t)Xit) + hii, t)m] . 
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So 

div{{c*f)^)^div{h{t)) + div( h{-f,t)X{t)+l2{-f,t)jl{t) ). 



Because h{t) is generic, ^dif (/i(7, t)A(t) + /2(7, ^)/^(^)), tJ G Ir- 

(2) Recall 

Let TTi be the projection from 1^ to sym^'^~^ (CP^) and 7r2 be the projection from 
to Tue- By part (1), n2 is surjective and its fibre is the collection oi 5d — r — k 
zeros of all polynomials 

Since /i(7, t), /2(7, ^) do not have a common root (otherwise the quintic threefold 
would be singular), the dimension of the space of polynomials 

is 5d — 2r. Thus the dimension of the fibre 7rJ"^(7) of 772 is 5d — 2r — k — 1- Hence 

dim(/T.) is 5d — 2r — k — l+dim(r). 

(3) By the (4.5) and (4.8), we may assume di,d2 > k + 3. Using the characteri- 
zation of degeneracy locus in part (2), we can choose a degenerated 

m{t) e sym^'^-('=+3)(Cpi), 

and non-degenerated 

nit) = m{t) - {0} e sym^'^-^^+^\CP^). 

It suffices to show that there are four vectors in T^^T that are linearly independent 
modulo T^oO^(t). 

Choose a homogeneous coordinate system [zq, - ■ ■ , 24] of CP^ such that 

co(0) = [1,0,0,0,0], 

and in a neighborhood of 70, 

d d 



span the tangent space Tc(o)CP^ for all (/, c) e Tuf. in this neighborhood of 70. 
Recall as before X is an equation defining the universal quintic threefold in CP^. 
For the convenience, in the following we use a special notation: X(7,t) denotes 
X(/, (c(t))with7=(/,c)eC/. 
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Let W be the set of all a e T^M, for generic 7 G Fj^e, such that 

(4.12) Xail^tj) = 0, for (tj) = n{t), j = 1, ■ ■ ■ ,5d - k - 4. 

The dimension of W/T^T should be 4, because (7,n(t)) is non-degenerated. Thus 
W restricted to one point c(0) should span the entire tangent space Tc(o)CP^, where 
ific) = 7. Therefore for each fixed i, i = l,2,3,4we can find a vector ctj e T^M, 
such that 



X«,(7,t,) = 0, for{tj)=n{t) 
(4.13) , _d 

dzi 



^i\i{o) = —^ /or i = 1,2, 3,4. 



(This holds for all 7 e Fi^g in a neighborhood including 70). While ai depends 
on 7, at the point 7(0) is a constant that does not vary as 7 moves in F^g. A 
very important observation is that: by the definition of rirn(t)) if 7o £ ^m(t)) the 
derivatives Xc^(7o,0) for all 

evaluated at (70,0) are zeros. That shows that X(^.(-y-)(7, 0), i — 1,2,3,4 as a 
function in 7 lies in the ideal of ^rn{t)- 

Using the homogeneous coordinates above, we have expression 

(4.14) X = (3qzI + (3iz^zi + (32zlz2 + /^s^^s + (^^z^z^ + (/)(a, ^) 

where </>(/3, z) is the rest of the terms in the universal quintic polynomial. Let \1/ be 
the subset of Tr^ such that ([/], [c]) e * if and only if c(0) = [1,0, 0, 0, 0]. Then for 
i 

(4.15) X«,(^)(7,0) = A + 0i(7), 

where are the partial derivatives with respect to Zi^ thus all vanishes on \E'. By 
the lemma (4.4), there are tangent vectors Tj e T~^^(^) such that Tj = (g^, Qi) for 
z = 1, 2, 3, 4, and some Qi e Tfc^jM. We have 

^a,(7)(7,0)) =5^ 

for z 7^ 0, where 5^ = for z 7^ j and 5j = 1. 

We showed that the Jacobian matrix of (Xq,.(^q)(7o, 0))^^. has the full rank 4, 
where yj are the local coordinates for F^^e- Thus the subvariety V of F/^e, defined 

by 

^a,(7)(7,0) = 0,z = l,2,3,4. 
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is smooth at 70 of codimension 4. Since the tangent space T^^V contains the Zariski 
tangent space of 0,m{t)- We proved the part (3). □ 

From now on, we let (m(t),7o) be degenerated of length k + 3. Thus (2.6) is 
satisfied. 

To construct the space ^^^(t)? we need to carefully write down a local coordinates 
for S^^-j at 70 in the following: Let 

{L0-k'-2, ■ ■ ■ , <^-l, <^05 ^1, ■ ■ ■ , <^1255 Xl, ^2, Xs, X4, ■ ■ ■ , X^-^k-k') 

be the local coordinates for S^^-^-j at 70, such that Xi = define the variety (not the 
scheme) r^e! ^-^'-2, ■ ■ ■ , cuo for each fixed wi, ■ ■ ■ , ^125 with Xi = parametrize 
the k' dimensional family {Tjie)[f] of rational curve in each /. So ■ ■ ■ , 
corresponds to the first order deformation of a quintic together with a rational 
curve. We'll sometimes use coordinates expression {u) for 7 G Fi^e- Thus S^^^ can 
be expanded in xf. 

Sn(t) = {7 + E^^^^ + ^(2)} 

in an affine open set U of CP^^^ x M, where 7 e I'rc, Ui are the coordinate's 
vectors for the variables x^, and 0(2) are Xj-terms of with higher orders. Recall the 
universal quintic can be expressed as 

X = FPnit), 

where the div{pn{t)) corresponds to n{t). By (4.9), part (3), the first order expan- 
sion of F(7, X, 0) in Xi is 

4 

F{{uj),x,0) = J2biXiC0i + O{2), 

where hi,i^A are non zero constants, ^ = 1, 2, 3, 4 form a basis for W/T^QT{see 
4.12), and uj\ = ■ ■ ■ = uj^ = Q define V C Tn^ in (4.9), part (3). In the following 
arguments, we also use F{{uj),x,t) to express F{'y,x,t). 

Lemma 4.17. All notations are as above. Let f{{u!)), i = 1,2,3, ■ ■ ■ ,k + 3 be the 

roots o/X„2(t^)((a;), t) = that don't go to the points in m{t) as 7 goes to 70, where 
{uj) are the coordinates for T ^f.. Then there exists i, such that 

^(An.(M)((^),^^((c^))) , 

d^^, 



for {u)q) = 7o G Vt(^jn{t)- See (4-.2) for the definition of X 



U2 ■ 
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Proof. The point of the proof is that assertion in the lemma will be true for a general 
m(t)(or n{t)), and a general W2((a;)). So at the beginning we let U2,W2,m{t) be 
free to be determined. Thus let J C Tr^^C/ be the subvariety such that for each 
(7,0;) e J, \a{sy,t),jj,ci{'^Tt) share /c + 3 common roots, i.e. a, viewed as a section 
T^(i) (CP-*^^^ X CP*^), lies in £' at + 3 points on the rational curve 7(t). Now we 
consider the restriction J' of J to a neighborhood of generic (70, cto) in Ttj^^U. In 
this neighborhood, let ti(Q:, 7), z = 1, 2, • • • , + 3 be the roots of 

(cV)a(7,^) = 0, 

for (7, a) in this neighborhood. Notice that tj(Q!, 7) is an analytic function of a and 
7. If 

Aa(7, 7)) = 0, z = 1, • • • , A; + 3 

q; lies in £■ at the points ti(Q!, 7) = 0, z = 1, • • • , A; + 3. The converse is also true, 
and it is easy to see 

Aa(7, 7)) = 0, i = 1, • • • , /c + 3 

define the variety J', where (7,0;) are treated as local coordinates of T^j^JJ. Next 
we restrict the equations Aq.(7, /:j(Q;, 7)) = to a subvariety. First we need choose 
our n{t) and m(t). So we consider the variety 

where 7, a) e if and only if all points ti,i = 1, • • • ,5d — k — 4 in n{t) are 

the roots of 

(c*/)a(7,^) = 0, 

but not roots of 

Aa(7,^) = 0, 

i.e. at those points, a lies in /, but not in E. Let Kj' be the restriction of K to 
J' i.e. 

Kj> =Kn {sym^'^-^-^{CP^) x J'). 
Kji C K are both reduced, thus for a generic n(t), the fibre 

are also reduced. Note 

Aa(7, U{oi, 7)) = 0, i = 1, ■ ■ ■ , /c + 3 
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for (a, 7) G -ftrn(t) just give defining equations of {Kj/)n(t) in the smooth JCn(t)- 
Actually K^^t) is the tangent bundle of '^'n(t)- Since {Kj/)n{t) is reduced, for a 
generic direction in T(^jj „2(7o))-^n(t) (we use the old notation tt2, cus to 

match the original question in the lemma). 



('^U2(7o))(7,^i(«2(7o),7) ) 7^0 

at the point (70) ■J^2(7o))- Then we just pick a coordinate system for S^^^, 

Sn(t)=7 + I]a;,«,(7) + 0(2) 

i 

and (a;) for Tue such that 

at the point (705^^2(70))- Then we pick m = {n{t),to) where to is a root of 
X^2(7o) (('^o)) t) = 0, but is not in n{t) and is not one of those k+3 points, ti(tt2(7o))- 
The lemma is proved. □ 



Theorem 4.18. 

There exists S^(^) that satisfies all the conditions in (2.5), (2.10) and the re- 
sulting Bf, is deviated. 

Proof. In the rest of the proof we are going to construct a central axis I and maneu- 
ver the cutting by Si to meet all the conditions that are required in (2.5), (2.10). 
Since this is a long proof, we'll divide the proof into 3 steps. 

Step (I): In this step wc organize the coordinates, so the defining equations of 
Bb can be read more easily. Restricted to S^^^^^, the universal quintic polynomial 
X can be expressed as: 

X = FP^{t) 

where Pn{t) is a polynomial in t degree 5d — k — 4, whose roots are n{t). Let 
(4.19,) F = h{^,x,t)t + F{^,x,0) 

where h{'y, x, t) is a polynomial in t of degree k-\-3 and a; = defines F. Recall that 



{uj-k'-2, ■ ■ ■ , CU-i, CUo, OJi, - ■■ , UJ125, Xl,X2, X3, X4, - ■■ , X^+k-k') 
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are the local coordinates for S^^^^ at 70, such that Xi = define Tjie-, 

<^-fe'-2, • • • ,<^-l,<^05 

for each fixed u)i, - • • ,a;i25 parametrize the k' parameter family of rational curves 
in each /. So ^^(^t) expressed as 

(4.20) E;(,) = {7 + ^x,«, + 0(2)} 

i 

in an affine open set U of CP^^^ x M, where 7 G and Ui are the coordinate's 
vectors for the variable Xi. Next we need to cut S^^-^ by Si. This is equivalent 
to finding the equations in Xi,u>j. By (4.9), part (3), the first order expansion of 
F(7, X, 0) in Xi is 

4 

(4.21) F(7, x,0) = J2 brXiUJi + 0(2). 

Now we let I be the curve in through 70 and defined parametrically (with 
parameter e) by 

(4.22) uj-k'-2 = • • • = Wo = 0, a;i = e^, 0^3 = e, 0^2 = u;4 = • • • = 10125 = 0. 

The / is a smooth curve through flrn{t) at exactly one point 70 where all Ui = 0. 
This is the cutting by ^2. Choose a threefold ^n(t)' ^^^^ defined by 

/ . ^-k'-2 = ■ ■ ■ = c^o = 0, c^i = e^, 0)3 = e, a;2 = 0)4 = • • • = 0)125 = 

(4.23) 

X3 = ■■■ = X5+k-k' = 0. 

Thus Sn(t) that is the cut-out by some Si is exactly parametrized by e, xi,X2, where 
e is the parameter for the axis /. 

Step II: In this step we verify the conditions in (2.5). Notice here Ui and U2 are 
just the vectors ctio and ctoi in (3.2). First note, by (4.19), 

(s^xcpi)ne-i(x) 

is defined by 

h{e, xi,X2, t) = F(e, xi, X2, 0) = 0. 
Similarly like in (3.4), solving for xi in h{e, xi, X2, t) = 0, we have 

(4.24) xi = kiX2 + ^ hxl- 

i>2 
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Plugging it into F(e, xi, X2, 0) = then dividing it by X2, we obtain the 

((S^xCP^)ne-i(X))o 

is defined by 

(4.25) kibie^ + X2{q{ki, 1) + he + 1)^X2) = 

The e~^H is defined by 0^2 = (in the subvariety xi = k\X2 + Ylii^i^h.-)- Hence 
{{T^m X CP^) n e~^{X))Q n e~^{H) is defined at generic point of cq by: 

(4.26) xi = X2 = 0, = 0. 

That proves (2.9). 

Note that by the lemma (4.17), at the point (70,^^(70)) 

('S'fci.ui+U2)'^3 = ( ^^2(^3 7^) J = {.^U2)oja{h 7^) 

is not zero (see Definition (4.2) for /j). Thus plugging (4.24) into S'(e, xi, X2, t) = 0, 
we obtain 

(4.27) S{e, xi,X2, t) = X2 ^(%„i+u2)'^3e + ^2(^)3^2 + b3ex2 + b^x^^ , 

where b2{t),b3{t,e),b4^{t,e,X2) are functions. Since ('S'^iui+W2)'*'3 ^^^^ 
generic t, 

((E„ X cpi) n e-\x) n e-\s))o n e-i(iy) 

is defined by 

(4.28) xi = X2 = e = 

That proves (2.8). To consider (2.7), we go back to the step before the cutting. 
Take a subvariety N of S^^^^ that is parametrized by {uJo,e,xi,X2) with rest of 
Xi, LJj being zero. Here is the parameter that parametrizes one parameter family 
of rational curves in each quintic threefold. Then plugging (4.24) into 

H{u}o,e,xi,X2,t), 

we have 

(4.29) H = uoHr + X2H +0(2) 
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If we make a change of variable (cutting from a different angle), 

(4.30) ujo=uj'o + a{e)xi + b{e)x2 + 0{2), 

where the higher order of a, b are free and to be determined^. Now cut this N by 
a;Q = to have Then coefficients of (4.29) can be changed freely because a, b 

are free. Thus the coefficient of X2, 

(-aki + b)H^ + H 

can't not be identically zero. That proves (2.7). 

Step III: Next we consider the conditions in (2.10). Let to be a root of ^(^i, 1) = 
0. In (4.25), the curve q(A;i, 1) + b^xi with e = defines a smooth curve through 
the point (70,^0); which also is a component of 

((E^xCP^)ne-^(X))onK'. 

So we proved (2.10b). Next we prove (2.10a). Pick a root of g(A;i, 1) = O(one of to 
above), and denote it by pq. In (4.21) (that is before the cutting by (Sj), we can 
make a change of the variable 

4 

(4.31) a;, = o;^ + J] i%i^))x, + 0(2), for i = 1, 2, 3, 4. 

Then set cu^ = for all i. This procedure adjusts the cutting angle by Si. Note that 
this will not change the polynomial [S^^^^j^^^^^., it changes the zeros of q(A;i, 1) = 
0. Actually the zeros of g(fci,l) = depends on the values ^](7) at 7 = 70 or 
= for all z, which are completely free. Thus we can make a suitable choice of 
^*(0) such that the root of (•S'fc^^t^^y^)^^:^ = is a root po of q{k\, 1) = 0. The same 
change (4.31) could change the zeros of 62 (t), where 62 (t) are from (4.27). So we 
can also have 62(^0) = 0. Note by (4.27) 

((E, xCpi)ne-i(X)ne-i(5))o 

is defined by 

{^k^u^^u^^^^ + ^2(^)3:^2 + b-ieX2 + b^x\ 

^This change of the variable can be replaced by a change of varibale for a;^, i > 4 if does not 
exist, i.e., if the deformation of the curve in single quintic / does not exist. So the assumption 
(2.1) is not necessary as long as A; > 0. 
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Thus 

((S„ X CP^) n e-\X) n e-\S))o n e-\H) 

has a component 

('S'fciWi+U2(^'^))'^3 = 

Since iS^_^^_^j^^^{0,t))i^^ = has a zero at {'yo,po), it defines a smooth curve (it 
can only have one zero) passing through this point. That proves (2.12). Similarly 
(2.13) is proved because 62(^0) = 0. To prove (2.14), consider 

H^X2 U-aki + b)Hr + H_ ^^^^^ + 0(1) 

We adjust a, h such that 

i-aki + h)Hr + H 

vanishes at to above. Then 

{-aki + b)Hr + H , +O(l) = 

defines a surface that passes through 70 at the point to. So (2.14) is proved. 

At last we would like to prove the claim (3.23) about the coefficients of Bi, 
at all singular points. This about the higher order terms of coefficients ^j((a;)) ( 
higher than 0). So the following modification will not effect above choice. By a free 
change of the coordinates (4.30), (4.31), coefficients of second order terms 

(91)2, (92)2, {93)2 

of 91,92, 93 are free. Thus (^1)2, i = 1, 2, 3 don't have a common linear factor. Thus 

Bi) for a generic b is non-deviated. 

Next we consider the existence of a deviated Bf). The conditions for a deviated 
Bh on ai are that: 

(1) the quadratic terms {91)2, i = 1, 2, 3 have a common linear factor lQ{t, 9q), 

(2) one vanishing condition on the cubic terms from gi. 

Hence we write down quadratic condition, part (1) of (2.5). So we need a non-zero 
solution, (cj, t, 9q) of the equations 

91 = a-Ai-as + aioa4)t^ + [a'^{-as + aiQa^) + a^{-ag + aiaa'^) + l]^o* 

+ [^(-ag + aioa5)]6'o = 0, 
(4.32) g2 = a^{-ai + aza^)t^ + [a'^{-ai + a^a^) + a^{-a2 + 0305)1^0* 

+ [a'5 ( -02 + a3a^) + l] 6*2 = 
93 = (oi - 0304)^^ + (02 - - 08 + 01004)6*0^ - (09 - (iioa'^)9l = 0. 
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Note by the change of variables (4.31), (4.30), all the constant terms and first 
order terms of at this point can be made free, because as we saw in (3.20), all aj 
are the coefficients in the expansions of 

F{9o, Xi{x2, t), X2, 0), H{9o, Xi{x2, t), X2, t), S{9o, Xi{x2, t), X2, t). 

Next we only consider the coefficients ag, 05, a2. Let a° be the constant terms of 

aj. Then the Jacobian ^'^91,92,93) at t = = is equal to 

* 9(09,05,02) " ^ 

(2a!]a^ - a?)^ot + (2a!]ag - a^)^g -^0(04^ + ^5^0) 

-eoia^t + a%) {2a%ai - 4)eot + {2a%a*i - 0^)^^ q 
9q 9o{a2t — aigOo) dot 

The only term in the Jacobian that involves ag is 

-08^6*^(0^^ + 0^6*0) 

that is non-zero for a generic a° and t ^ 0,9o ^ 0. Thus we can always solve (4.32) 
so that the quadratic terms {gi)2 have exactly one common linear factor. 

After (4.32) is solved, the values of a^, i 7^, 9, 5, 2 remain unchanged. Thus we 
can find the values of ai{0) such that (4.32) is satisfied while all the at other 
singular points are non-zero (we only need ai, ag, aj, a^, as to be non-zeros). 

Now consider the third order terms of gi. Those terms involves the first order 
terms of which contain the second orders of ^* ((u;)). Because the second order 
terms of ^j((a;)) have not been used, thus they are free. Hence by the change of 
coordinates (4.30), (4.31), the first order terms of are completely free. Thus the 
third order condition in (1.5), part (2)-II can be satisfied. Therefore we can set-up 
b = (5i,52) in a deviated position. The claim (3.23) is proved. We complete the 
proof. □ 
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